1. Introduction. We consider the system of equations (1) -yv(x) = /,(*, F(x)) (0 =g x g xi; v = 1, • • • , n), dx where the symbol F(x) stands for the set of functions {yniukix))} (& = 1, • • ■ , n; k = l, ■ • ■ , m). Under prescribed initial conditions this system is to be solved for the y's as functions of x. The functions fit ' ' ' tf% are given, and the functions Wi(x), • • • , «m(x) are also given. For example, in the case of systems of ordinary differential equations we have m = l and Mi(x) =x, whereas in the case of differential-difference equations, the functions Unix) are linear functions
x -ck, ck^0.
The principal purpose of this paper is to prove an existence theorem analogous to Peano's theorem [l] on ordinary differential equations, in which the only assumption made on the given functions /" is that they be continuous functions of their arguments. Our proof will depend on a preliminary theorem which asserts the existence and uniqueness of a solution for the case in which the functions/, are restricted to satisfy a Lipschitz condition; this theorem will, of course, be a generalization of the theorem of Picard [2] and Lindelof [3] . With regard to the preliminary theorem, we note that the Lipschitz condition is by no means the best possible criterion for uniqueness. For sharper uniqueness theorems the reader is referred to [4].
2. Preliminary theorem. First we must define appropriate initial conditions. We assume that the given functions uk(x) are defined and continuous for O^x^Xi and that they satisfy the inequalities These solutions satisfy the inequalities
Remark. Of course, both in this theorem and in Theorem 2, the functions y»(x) will be not only continuous for x0^x^Xi, but also continuously differentiable for O^x^Xi, where by the derivative at x = 0 we mean the right-hand derivative. Proof. We must solve the system of n equations
under the initial conditions
First we divide the interval O^x^Xi into subintervals by points 0=to<h< ■ ■ ' <tT -X\, where
Then the given system (6) may be solved in r steps: If this proof is made for 5 = 0, 1, • • • , r -1, then the lemma will be proved. First let us show that the system (11) has at most one solution. We want first to show that for any solution {y»(x)} of (11), the points yhk = yhiukix)), 0^x^ts+i, must lie in the domain (2). Since Mts+i^Mxi^p, it is sufficient to show that the inequality (12) must hold. Since we are given the inequality (10), it is sufficient to show that (13) | y,(x) -y,(t.) | ^ Mits+1 -t.) (t" ^ x ^ ts+l).
Let /* be the largest number between ts and t,+i such that Now suppose that \y,(x)) and }z,(x)} are different solutions of the system (11). Taking account of the fact that yr(t) =zr(t) for x0^t^t" we find for /"^x^s+1 and that this set of continuous functions {y?(x)} is the required set of solutions for x0^x^/s+1.
Letting 5 = 0, 1, ■ • • , r -l in both this existence proof and the preceding uniqueness proof, we see that the proof of the theorem is complete.
3. The existence theorem. Before proceeding to Theorem 2, we note that Theorem 1 has the following essential feature: The number Xi>0 is restricted only by the assumption that Xi^p/M, and is, therefore, independent of the magnitude of the Lipschitz constant L.
Theorem 2. If we omit from the hypotheses of the preliminary theorem the restriction that the continuous functions /" satisfy a Lipschitz condition (4), then the system (1) must still possess at least one set of solutions yi(x), • • • , y"(x) which are defined and continuous for xo^x Xi and which satisfy the initial conditions (5).
Proof. The functions fv(x, {yhk}) have been defined in the domain D given by the inequalities (2). Let The. a. positive integer. We divide each one of the mn-\-l intervals (2) into T subintervals of equal length. The end points of these subintervals form in the m« + l dimensional domain D a lattice consisting of (T-\-l)mn+1 distinct points. y,(x) = g"(x) (x0 = x =■ 0), y,(x) = y"(0) + f /"(<, {?*(«*(/)) })<fc (0 :g x ^ *i).
•^ o
Since the integrand is continuous, each function y,(x) is continuously differentiate for O^x^Xi, and the proof of the theorem is complete.
